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Abstract
Identification of robot dynamics is a key issue in boosting the performance of model-based control techniques, having also
a key role in realistic simulation. Robot dynamic parameters have physical meaning, hence parameter estimations must
correspond to physically feasible values. Since it is only possible to identify linear combinations of parameters (the base
parameters) the physical feasibility of such combinations cannot be directly asserted. In this paper we show that feasibility
conditions define a convex set and can be written as a linear matrix inequality (LMI), suitable for semidefinite program-
ming (SDP) techniques. We propose three methods based on LMI–SDP to deal with the feasibility of base parameters.
The first method checks if a given base parameter estimation has physical meaning. The second method corrects infea-
sible estimations, finding the closest feasible base parameters. These two methods can be applied to existing regression
techniques. The third method performs parameter identification through ordinary least squares regression constrained to
the feasible space, guaranteeing the optimal solution. Experiments with a seven-link robot manipulator are provided, and
efficiency and scalability are discussed.
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1. Introduction

The knowledge of robot dynamics is essential to boosting
model-based control, enabling high performance motions
and controlled force interactions. Moreover, accurate
dynamic models are also important for realistic robot sim-
ulation. Robot dynamics depends on both geometry and
rigid-body parameters, including link inertia, and friction.
The identification of dynamic parameters can be done
through computer-aided design (CAD) software, by indi-
vidual experimental tests of robot parts, or by dynamic
model regression methods. Since the robot dynamic model
is linear with respect to inertial parameters, linear regres-
sion techniques can be applied, although some parameters
can only be estimated in linear combinations, known as
base parameters (Gautier and Khalil, 1990). There is a rich
literature on parameter identification, focusing on regres-
sion uncertainties and excitation trajectories: see Wu et al.
(2010) for an overview. Notwithstanding all the research,
the physical feasibility of estimated parameters is often
disregarded. Dynamic parameters have physical meaning
and are therefore bounded to physical values. Nevertheless,
the verification of physical consistency of base parame-
ters is not straightforward. Physically infeasible estimations
lead to non-positive inertia matrices at some, or even all,
joint positions. Consequently, such dynamic models lead

to unrealistic simulation and unstable model-based con-
trol (Yoshida and Khalil, 2000). It can be argued that ade-
quate experiments can lead to estimations that are accurate
enough to be physically feasible. However, no matter how
good the parameter excitation and regression techniques
are, a mathematical proof that guarantees physical feasi-
bility of robot base inertia parameter estimation is neces-
sary. Moreover, a regression method constrained to phys-
ically feasible solutions can be of interest. Yoshida and
Khalil (2000) proposed a trial and error recursive method to
check if a base parameter estimation is feasible using two-
dimensional graphs. It is unclear if this method is suited to
automatic implementation or if it is capable of coping with
a high number of robot links. Mata et al. (2005) proposed
a method for parameter identification taking feasibility
into account. The method first finds an unconstrained base
parameter estimation using classical regression. Then, a
quadratic programming optimization constrained to feasible
values is done over the total inertial parameters, minimizing
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both the regression error and the distance to the base param-
eters previously found. The method presents a variable to
be tuned between two optimization objectives, and the con-
vergence to the global solution that minimizes regression
error is not discussed. Ting et al. (2011) proposed a nonlin-
ear Bayesian parameter identification method with physical
feasibility assessment. Feasibility is guaranteed by search-
ing for a solution in a feasible virtual parameter space which
has a nonlinear projection onto the inertial parameter space.
This solution is the one closest to the unconstrained solu-
tion, where the distance is weighted by regression data.
Ayusawa and Nakamura (2010) proposed an identification
method for a high number of link robots addressing physi-
cal feasibility. By representing robot links as a finite number
of mass points they replace the feasibility conditions by lin-
ear inequalities. In this way the optimization is simplified,
although the quality of the approximation depends on the
number of mass points. Díaz-Rodríguez et al. (2010) pro-
posed an approach where less significant parameters are
pruned from the model until the identified ones are feasible.
Feasibility is checked by searching the overall discretized
solution space. Gautier et al. (2013) proposed a method
where the regression estimation is pushed towards an a pri-
ori known feasible solution obtained from CAD data. The
feasibility is then checked by taking into account a tolerance
to accommodate regression data measurement errors.

In our paper, we show that physical feasibility conditions
can be written in a semidefinite programming (SDP) per-
spective, as a linear matrix inequality (LMI). This implies
that the set defined by physical feasibility conditions is nec-
essarily convex, leading to global optimums in optimization
problems. It follows that base parameters can also be writ-
ten as LMIs. This allows the development of SDP problems
to treat physical feasibility constraints. SDP techniques are
known for being effective and fast, allowing problems with
a high number of parameters to be efficiently solved. We
first present a succinct SDP-based method which verifies
base parameter feasibility in an automatic and scalable fash-
ion. Then, we devise a method to correct infeasible param-
eter solutions to the closest feasible one. Furthermore, we
propose a regression method which finds the optimal phys-
ically feasible base parameter solution that best fits the
regression data.

The paper is organized as follows. Section 2 introduces
the conditions for physical feasibility of inertial parameters.
In Section 3 we reformulate those conditions as an LMI. It
is also shown how additional constraints can be included in
the LMI formulation. In Section 4 we devise the feasibility
test and correction methods for base parameters. Addition-
ally, optimal base parameter feasibility estimation through
constrained regression is proposed. In Section 5, two exper-
iments are analyzed. The first one addresses the feasibil-
ity test in a three-link robot and the second one assesses
the three proposed methods in a seven-link WAM robot.
Section 6 concludes the paper.

2. Physical feasibility of inertial parameters

Rigid-body robot manipulator dynamics relates joint posi-
tions, velocities and accelerations (q, q̇ and q̈), with the joint
generalized force/torque τ ,

M(q) q̈ + c(q, q̇) +g(q) = τ (1)

where M(q) is the mass matrix, which is symmetric and
positive definite, c(q, q̇) represents Coriolis and centripetal
forces and g(q) is the gravity term. All these terms depend
on geometric and dynamic parameters. Each robot link con-
tributes with a set of inertial parameters, composed by
mass, center of mass and inertia tensor. Other dynamic
parameters can also be taken into account, such as joint fric-
tion and actuator inertia. Dynamic parameters have physical
restrictions which should be addressed in the estimation
problem. Link masses are positive and inertia tensors are
symmetric and positive definite. The set of conditions for
each link k which guarantees physical feasibility is given
by (Yoshida and Khalil, 2000){

mk > 0

Ik � 0
(2)

where mk is the link mass, the notation A � 0 means that A
is positive definite and Ik is the link inertia tensor about its
center of mass,

Ik ≡
⎡
⎣Ik,xx Ik,xy Ik,xz

Ik,xy Ik,yy Ik,yz

Ik,xz Ik,yz Ik,zz

⎤
⎦ (3)

Inertial parameters are often estimated using linear
regression techniques; therefore the inertia tensor calcu-
lated about the link frame k, Lk ,

Lk ≡
⎡
⎣Lk,xx Lk,xy Lk,xz

Lk,xy Lk,yy Lk,yz

Lk,xz Lk,yz Lk,zz

⎤
⎦ (4)

has to be used instead of Ik (Khalil and Dombre, 2002).
Considering that link and center-of-mass frames are paral-
lel, the relation between Lk and Ik , given by the Huygens–
Steiner theorem, is

Lk = Ik + mk S(rk) T S(rk) (5)

where S(·) is the skew-symmetric matrix operator,

S(x) ≡
⎡
⎣ 0 −x3 x2

x3 0 −x1

−x2 x1 0

⎤
⎦ for x ≡

⎡
⎣x1

x2

x3

⎤
⎦ (6)

The vector given by

rk ≡
⎡
⎣rk,x

rk,y

rk,z

⎤
⎦ (7)



Sousa and Cortesão 933

is the center of mass relative to the link frame k. The
matrix Lk is positive definite since it is the sum of a pos-
itive definite matrix and a positive semidefinite matrix. Fur-
thermore, to apply linear regression techniques, the first
moment-of-inertia vector, lk ,

lk ≡
⎡
⎣lk,x

lk,y

lk,z

⎤
⎦ = mk rk =

⎡
⎣mk rk,x

mk rk,y

mk rk,z

⎤
⎦ (8)

has to be used instead of rk (Khalil and Dombre, 2002).
From (8) and (5), and knowing that mk > 0, we get

Lk = Ik + mk S

(
lk
mk

)
T S

(
lk
mk

)
(9)

Since S(·) is a linear operator, (9) can be rewritten as

Ik = Lk − 1

mk
S(lk) T S(lk) (10)

The set of all physical feasibility constraints for each link k
given by (2) can then be written as

⎧⎨
⎩

mk > 0

Lk − 1

mk
S(lk) T S(lk) � 0

(11)

The vector δ of all inertial parameters of a serial robot
with N links is given by

δ ≡ [
δ1

T δ2
T · · · δk

T · · · δN
T
]

T (12)

where, for each link k,

δk ≡ [
Lk,xx Lk,xy Lk,xz Lk,yy Lk,yz Lk,zz lk,x lk,y lk,z mk

]
T (13)

The vector δ is the link inertial parameter vector (link
parameter vector for short) (Yoshida and Khalil, 2000) and,
from (12) and (13), has size n = 10N . The set of all
physically feasible link parameter vectors, D, can then be
defined as

D ≡ {δ ∈ R
n : mk > 0, Lk − m−1

k S(lk) T

S(lk) � 0 | k = 1, . . . , N} (14)

Making use of Sylvester’s criterion, the constraints of (14)
can be written as a system of polynomial inequalities in δ.
Therefore, D is a semialgebraic set.

3. Physical feasibility of inertial parameters as
an LMI

This section addresses the physical feasibility of robot links,
showing that D is a convex set since it can be defined in
the framework of LMIs, a common representation in control
theory and in SDP.

3.1. Physical feasibility of each robot link

For each robot link, the second inequality of (11) can be
written as a quadratic matrix inequality,

Lk − S(lk) T ( mk1)−1 S(lk) � 0 (15)

where 1 is the identity matrix of proper size (size three,
in this case). Through the Schur complement condition
for positive definite matrices (Boyd et al., 1994; Goldman
and Ramana, 1995), we can state that constraint (11) is
equivalent1 to [

Lk S(lk) T

S(lk) mk1

]
� 0 (16)

Defining the matrix D̄k(δk) as

D̄k(δk) ≡
[

Lk S(lk) T

S(lk) mk1

]

=

⎡
⎢⎢⎢⎢⎢⎢⎣

Lk,xx Lk,xy Lk,xz 0 −lk,z lk,y

Lk,xy Lk,yy Lk,yz lk,z 0 −lk,x

Lk,xz Lk,yz Lk,zz −lk,y lk,x 0
0 lk,z −lk,y mk 0 0

−lk,z 0 lk,x 0 mk 0
lk,y −lk,x 0 0 0 mk

⎤
⎥⎥⎥⎥⎥⎥⎦

(17)

(16) is an LMI since it can be written as

D̄k(δk) � 0 (18)

with

D̄k(δk) ≡ D0 +
10∑

j=1

Dk,j δk,j (19)

where D0 and Dk,j are 6 × 6 symmetric matrices, and each
δk,j is one element of δk (see (13)). The matrix D̄k(δk) is
equivalent to the generalized inertia of the recursive for-
mulation of robot dynamics using Lie groups proposed by
Park et al. (1995). There are similar representations in other
dynamic formulations related to screw theory and using 6D
vector forms of robot motion and forces, such as the spa-
tial vectors of Featherstone (2010). Equation (18) is a strict
LMI since D̄k(δk) is strictly positive definite. In a practical
approach we can say that (18) is equivalent to the nonstrict
LMI

Dk(δk) � 0 (20)

where the notation A � 0 means that A is positive
semidefinite, with

Dk(δk) ≡ D̄k(δk) −ε1 (21)

where ε is an infinitesimally small positive scalar. We will
use the nonstrict LMI formulation since it is required for
SDP.
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3.2. Physical feasibility of a robot with N links

For a robot with N links, the feasibility condition can be
expressed as

D(δ) � 0 (22)

where D(δ) is a single block-diagonal matrix given by

D(δ) ≡

⎡
⎢⎢⎢⎣

D1(δ1) 0 · · · 0
0 D2(δ2) · · · 0
...

...
. . .

...
0 0 · · · DN (δN )

⎤
⎥⎥⎥⎦

6N×6N

(23)

The set D of (14) can then be rewritten as

D = {δ ∈ R
n : D(δ) � 0} (24)

This set is a spectrahedron since it is representable by a
nonstrict LMI. Like all spectrahedra, D is convex. Spec-
trahedra are the solution spaces of semidefinite programs,
which, remarkably, are guaranteed to converge to the global
optimum and can be solved very efficiently (Vandenberghe
and Boyd, 1996).

3.3. Additional constraints and additional
dynamic parameters

The set of conditions discussed above guarantee a physi-
cally feasible dynamic model. However, the defined feasi-
bility region can be further shrunk to only include solutions
respecting particular robot specifications. For example, one
can consider upper and lower limits for link masses mk,l and
mk,u respectively, {

mk − mk,l ≥ 0

−mk + mk,u ≥ 0
(25)

Constraints on the sum of link masses can also be added.
Furthermore, since link centers of mass have to be within
link convex hulls, one can consider the constraints{

lk − mkrk,l ≥ 0

−lk + mkrk,u ≥ 0
(26)

for a cuboid-shaped link, or even constraints for other
shapes (e.g. cylindrical). Moreover, it is usual to include
additional dynamic effects in the model, such as driver
chain friction and inertia. For each joint k, friction is often
modeled as

fk = fvk q̇k + fck sgn (q̇k) + fok (27)

where fvk and fck are positive constant parameters for vis-
cous and Coulomb friction, respectively, and fok is the
Coulomb friction offset which can also include a motor
current offset. The drive chain inertia seen by joint k can
be represented by a positive constant Iak . When taken into
account, these parameters are included in the δ vector, and

positiveness conditions can be included in the feasibility
set. Adding more constraints is as simple as appending
additional LMI blocks to the diagonal of D(δ). For exam-
ple, for friction and drive inertia positiveness constraints,
one can define an LMI matrix as

Dext(δ) = diag
(
D(δ) , fv1, fc1, Ia1, . . . , fvN , fcN , IaN

)
(28)

Indeed, a large range of simple and complex conditions can
be easily cast into the LMI formulation (Boyd et al., 1994).

4. Physical feasibility of base inertial
parameters

Given some δ estimate, δ̂, the verification of its physical
feasibility is a matter of checking if δ̂ is in D. This is done
in straightforward way by numerically checking the posi-
tive definiteness of D(δ̂). Since the parameter estimation has
to be done in base inertial parameters (Gautier and Khalil,
1990; Mayeda et al., 1990) rather than in the link inertial
parameter space δ, further methodologies are necessary. In
the sequel, we propose a new method taking advantage of
SDP, yielding easy, fast and automatic implementation.

4.1. Base inertial parameter formulation

It is well know that robot dynamics is linear to δ,

H(q, q̇, q̈) δ = τ (29)

where the matrix H has a structure such that some of its
columns are always null and others are always linearly
dependent (Khalil and Dombre, 2002). Hence, (29) can be
reduced to a minimum number, nb, of linearly independent
columns. Reordering, (29) can be written as[

Hb Hd
] [

δb
T δd

T
]

T = τ (30)

where Hb has nb linearly independent columns of H, and
Hd has the nd remaining null and dependent columns, with

n = nb + nd (31)

The matrix Hd can be written as a linear combination of Hb,

Hd = Hb Kd (32)

where Kd is a constant matrix. Vectors δb and δd are
reordered link inertial parameters according to Hb and Hd .
Equations (30) and (29) are related by

Hb ≡ H Pb

Hd ≡ H Pd

δb ≡ Pb
T δ

δd ≡ Pd
T δ

(33)

where Pb and Pd are, respectively, the nb first columns and
the nd last columns of a permutation matrix P which verifies

H P = [
Hb Hd

]
(34)
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The column selection for the basis Hb is not unique, but it is
usual to choose the first independent columns of H starting
from the left. Equation (30) can then be written as

Hb β = τ (35)

where β is the base inertial parameter vector (of size nb),

β ≡ [
β1 β2 · · · βnb

]
T (36)

which is equal to a linear combination of link parameters δ,

β = δb + Kd δd (37)

The matrices Pb, Pd and Kd can be obtained either by rule-
based (Gautier and Khalil, 1990; Mayeda et al., 1990) or
numerical-based methods (Gautier, 1991). From (33), (37)
can also be written as

β = K δ (38)

with
K = Pb

T + Kd Pd
T (39)

4.2. Base inertial parameter feasible set

Equation (38) defines a linear map from the δ (Rn) to β

(Rnb ) spaces. This is not a bijective map, therefore for each
β̂ vector picked from the β space, there is more than one
solution in the δ space. Yoshida and Khalil (2000) called
this set of δ solutions the virtual parameters of β̂, which
can be defined by V

β̂
,

V
β̂

≡ {δ ∈ R
n : K δ = β̂} (40)

Yoshida and Khalil have shown that if there is at least one
feasible δ vector in the virtual parameter set V

β̂
(i.e. if

V
β̂

intersects D), then the respective β̂ defines a positive

definite robot inertia matrix, meaning that β̂ is physically
feasible. Therefore we can define the set of all physically
feasible base parameters, B, as

B ≡ {β ∈ R
nb : ∃ δ ∈ D | K δ = β} (41)

This definition cannot be directly used to verify if a given
β̂ vector is in B since K is not square, and there is an
existential quantifier (∃) over a continuous set. Below, we
reformulate (41) in a semidefinite representation to over-
come this problem. Although β = K δ is not bijective, it is
possible to define a bijective mapping. A new map m with
δ as domain and (β, δd) as codomain can be defined by

m : R
n → R

n

δ →(β, δd)
(42)

where
m(δ) ≡ G δ (43)

and
G ≡ KG PT (44)

with

KG ≡
[

1 Kd

0 1

]
(45)

Multiplying G by δ,

G δ = KG PT δ

=
[

1 Kd

0 1

] [
δb

δd

]

=
[

β

δd

]
≡(β, δd)

(46)

Since PT is a permutation matrix and KG is upper triangular
with non-zero diagonal elements, it follows that G is invert-
ible, and hence the map m is bijective. Therefore, there is a
one-to-one correspondence between extended base param-
eters (β, δd) and link parameters δ. Since Goldman and
Ramana (1995) proved that a spectrahedral set remains
spectrahedral if a bijective affine transformation is applied,
a new physically feasible extended base parameter set, Dβ ,
can be define as

Dβ ≡ {(β, δd) ∈ R
nb+nd : Dβ(β, δd) � 0} (47)

where Dβ(β, δd) � 0 is the LMI of Dβ . The new matrix
function Dβ is obtained from (23):

Dβ( β, δd) ≡ D
(
m−1(β, δd)

)
(48)

where

m−1(β, δd) = G−1

[
β

δd

]

= PT−1
G−1

K

[
β

δd

]

= P

[
1 −Kd

0 1

] [
β

δd

] (49)

From (47), (41) can then be written as

B = {β ∈ R
nb : ∃ δd ∈ R

nd | Dβ(β, δd) � 0} (50)

Equation (50) still includes an existential quantifier over
δd . Since Dβ is positive definite and semialgebraic, by
Tarski’s theorem we know that B is also semialgebraic and
its closed formula exists, not requiring the computation
of δd . To obtain the closed formula, quantifier elimination
can be done using the cylindrical algebraic decomposition
method (Collins, 1975). However, this method has double
exponential complexity associated with the space dimen-
sion. For small planar robots, where the number of inertial
parameters can be cut down to four per link, the method
is capable of finding the closed-form conditions. However,
for a common robot manipulator, the number of parame-
ters grows to several dozens, rendering a computationally
intractable problem. Nonetheless, as we will show in the
next section, (50) can still be used to verify base parame-
ter feasibility of general robots, referring not to cylindrical
algebraic decomposition but to SDP.
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4.3. Verification of physical feasibility

From (47) and (50) we can infer that B is a projection of
Dβ onto the β space. Projections of spectrahedra are known
to be convex and semialgebraic, but, unlike bijective affine
transformations, they do not necessarily conserve a spectra-
hedral form (Goldman and Ramana, 1995). Even so, such
projections, known as semidefinite representable (or SDP
representable) sets, still benefit from all the advantages of
SDP techniques (Nesterov and Nemirovskii, 1987). In this
context, (50) is a semidefinite representation of B, Dβ is an
SDP lift of B and Dβ is a lifted LMI for B.

4.3.1. SDP method for base parameter feasibility test
(BPFT). A given β̂ estimation is feasible if at least one
solution exists in the space of δd , which in conjunction to β̂

belongs to Dβ (see (47) and (50)). This can be represented
as an SDP feasibility problem by

find δd

subject to Dβ(β̂, δd) � 0
(51)

Problem (51) is easily solved with any standard SDP soft-
ware. The LMI Dβ(β̂, δd) � 0 defines a set in the space
of δd . If that set is not empty, the SDP software finds one
δd solution, implying that β̂ is feasible. If the set is empty,
the SDP software finds a certificate of infeasibility. Hence,
this formulation can be used directly as a base parameter
feasibility test (BPFT) method.

In Figure 1, an example of feasible and infeasible vectors
is given, showing sets and their relations.

4.3.2. SDP method for base parameter feasibility correc-
tion (BPFC). In addition to the feasibility test, we can
develop a base parameter feasibility correction (BPFC)
method to find the feasible base parameter vector β ′ which
is closest to a given base parameter solution β̂. That
problem can be formulated as

minimize
(β,δd )

‖β̂ − β‖

subject to Dβ(β, δd) � 0
(52)

which is not in SDP form. Nevertheless, problem (52) is
equivalent to

minimize
(u,β,δd )

u

subject to u ≥ ‖β̂ − β‖2

Dβ(β, δd) � 0

(53)

where u is an upper bound of the square distance.
Using the Schur complement condition for positive

definite matrices, the u inequality of (53) can be written as
LMI,

‖β̂ − β‖2 ≤ u

⇔ u−(β̂ − β) T(β̂ − β) ≥ 0

⇔
[

u (β̂ − β) T

β̂ − β 1

]
� 0

⇔ U
β̂

( u, β) � 0

(54)

Therefore, (52) can be reformulated as an SDP problem:

minimize
(u,β,δd )

u

subject to F
β̂

(u, β, δd) � 0
(55)

where F
β̂

(u, β, δd) is a block-diagonal matrix given by

F
β̂

(u, β, δd) =
[

U
β̂

(u, β) 0
0 Dβ(β, δd)

]
(56)

With (u′, β ′, δ′
d) being the solution of (55), β ′ is the phys-

ically feasible base parameter vector closest to β̂ and u′ is
the respective squared distance. If u′ is zero, then β̂ = β ′

meaning that β̂ is feasible.

4.4. Optimal estimation of base parameters

In this section we propose an SDP solution to find the
base parameters within the feasible space which best fits
the regression data. The SDP approach guarantees fast and
accurate convergence. One of the methods to identify the
dynamic model is to move the robot along an identification
trajectory (i.e. an excitation trajectory used for parame-
ter identification), doing regression over joint and torque
data (Khalil and Dombre, 2002). Having a trajectory with
s points (with s 
 1), the motion data is collected into a
regression matrix W and a vector ω, where

W ≡

⎡
⎢⎢⎢⎣

Hb(q1, q̇1, q̈1)
Hb(q2, q̇2, q̈2)

...
Hb(qs, q̇s, q̈s)

⎤
⎥⎥⎥⎦ (57)

and

ω ≡

⎡
⎢⎢⎢⎣

τ 1

τ 2
...

τ s

⎤
⎥⎥⎥⎦ (58)

The estimated base parameters are the ones that minimize
the residuals ε in

Wβ + ε = ω (59)

Such minimization can be done using ordinary least squares
(OLS), minimizing the sum of squared residuals given by

‖ε‖2 = ‖ω − Wβ‖2 (60)
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Fig. 1. Relation between feasible sets in the δ, (β, δd) and β spaces (2D illustration). β̂f is a feasible parameter vector and β̂i is

infeasible. The BPFT method applied to β̂f is able to find a δ̂df for which (β̂f , δ̂df ) is inside the feasibility set Dβ .

The β estimation is the solution of the problem

minimize
(u,β)

u

subject to u ≥ ‖ω − Wβ‖2
(61)

which, using the Schur complement in a similar way to in
(54), can be written as an SDP problem as

minimize
(u,β)

u

subject to Uω(u, β) � 0
(62)

where

Uω(u, β) ≡
[

u (ω − Wβ) T

ω − Wβ 1

]
(63)

The square matrix Uω has sN + 1 rows, which might be too
big for SDP solutions.

4.4.1. SDP method for feasible base parameter estimation
with OLS. Given the QR orthogonal-triangular decomposi-
tion of the rectangular matrix W,

W = Q R = [
Q1 Q2

] [
R1

0

]
= Q1 R1 (64)

it is known that

‖QTε‖2 =(QTε) T (QTε) = εTQQTε = εTε = ‖ε‖2 (65)

since Q is orthogonal. From (60), (64) and (65),

‖ε‖2 = ‖QTω − QTWβ‖2 =
∥∥∥∥
[

Q1
T

Q2
T

]
ω −

[
R1

0

]
β

∥∥∥∥
2

(66)

Defining
ρ1 ≡ Q1

Tω (67)

ρ2 ≡ Q2
Tω (68)

and

ρ ≡
[
ρ1

ρ2

]
(69)

we get the equivalence

‖ε‖2 =
∥∥∥∥
[
ρ1

ρ2

]
−

[
R1

0

]
β

∥∥∥∥
2

= ‖ρ2‖2 +‖ρ1 −R1β‖2 (70)

where the term ‖ρ2‖2 is not dependent on β. From (60),
(61) and (70),

u − ‖ρ2‖2 ≥ ‖ρ1 − R1β‖2 (71)

Hence, the SDP problem of (62) is in fact equivalent to

minimize
(u,β)

u

subject to Uρ( u, β) � 0
(72)

where

Uρ( u, β) ≡
[

u − ‖ρ2‖2 (ρ1 − R1 β) T

ρ1 − R1 β 1

]
(73)

The new LMI matrix Uρ is square with nb + 1 rows,
being much smaller than Uω, and therefore computationally
tractable.

We can now formulate a method for feasible base param-
eter estimation with OLS (FBPE-OLS). By including the
constraint Dβ(β, δd) � 0 into problem (72), the physically
feasible base parameter vector β� which minimizes the sum
of squared residuals is given by

minimize
(u,β,δd )

u

subject to Fρ(u, β, δd) � 0
(74)

where

Fρ(u, β, δd) =
[

Uρ(u, β) 0
0 Dβ(β, δd)

]
(75)
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Fig. 2. Regression with a non-feasible β̂ (2D illustration). The
always feasible and optimal solution β� has lower regression error
than the feasible solution β ′ closer to β̂.

The solution to this problem is ( u�, β�, δ�
d), where u� is the

sum of squared residuals of (59) with β = β�. If β� is equal
to the unconstrained estimation β̂ of (72) then β̂ is feasible.
In this case, β� is also equal to the solution β ′ given by (55).
If β̂ �= β�, then β̂ is infeasible, and the feasible solution
β ′ is not necessarily equal to β�, as illustrated in Figure 2.
The fact that the regression errors of β ′ and β� are always
bigger than the β̂ error (when β̂ is infeasible) does not nec-
essarily mean that such estimations entail worse models.
Indeed, the question of whether these estimations are worse
or better than physically infeasible ones can be related to the
kind of desired model: either a prediction model, seeking
the lowest prediction error, or a structural model, seeking a
meaningful physical system description (Hollerbach et al.,
2008). Although physically infeasible estimations can be
acceptable for prediction purposes, such estimations do not
meet the physical requirements of structural models, being
unsuitable for control and simulation.

4.5. Parameter space issues

The methods BPFT, BPFC and FBPE-OLS have been
developed on the base parameter space β plus the null space
δd . With straightforward algebraic manipulation, it is pos-
sible to directly write these methods on the link parameter
space δ. The drawback of δ solutions is that they are a mix
of identifiable values and null-space values, which contain
redundant and arbitrary information. With (β, δd) solu-
tions, informative and uninformative terms are split into
β and δd , respectively. One can still map (β, δd) to the
δ space through the inverse mapping m−1 given by (49).
Regarding the non-unique choice of base parameter com-
binations, feasibility/infeasibility is maintained when map-
ping between different base parameter spaces. Two base
parameter vectors on two different base spaces are equiv-
alent when they share the same virtual parameter set (see
(40)). Since feasibility is dependent on the virtual param-
eter set, both base parameter vectors also share the feasi-
bility/infeasibility property. Therefore, the BPFT method

is invariant with respect to the choice of parameter group-
ing. Since the regression error of (60) is not affected by
base parameter regrouping (a transformation in β implies
canceling operations in W), the FBPE-OLS method gives
equivalent solutions for different (β, δd) spaces. Solutions
using the BPFC method are however dependent on parame-
ter grouping. This is due to the fact that the BPFC method is
based on measured distances in base parameter space which
in general are not linearly mapped between different spaces.
Nevertheless, the BPFC method can be applied to correct
an infeasible solution for which regression data is no longer
available. Moreover, the ‖β̂ − β ′‖ distance given by BPFC
can be used as a measurement of infeasibility.

5. Experimental tests

Two applications are presented in this section. The first one
addresses the feasibility test of a three-link robot using the
BPFT method. The second one analyzes the three methods
proposed in this paper using the seven-link WAM robot.
The proposed methods were deployed in Python and rely
on open-source solutions only. The LMI is first defined by a
symbolic matrix using the Python SymPy symbolic library.
This allows easy mapping from the δ space to the (β, δd)
space. Then, referring to the PyLMI-SDP package (avail-
able at https://github.com/cdsousa/PyLMI-SDP) developed
by the authors, the coefficient matrices are extracted from
the symbolic LMI and saved into the SDPA sparse file for-
mat. This format is accepted by a large number of SDP
solvers which directly exploit the sparsity of LMI matrices.
For the BPFT method, the ‘find’ problem of (51) is imple-
mented by setting an objective function equal to zero. In
our experiments, the SDP optimization is performed by the
DSDP5 solver (Benson and Ye, 2008), which is based on the
interior-point method, as many other SDP solvers are. The
DSDP5 solver has a tolerance parameter to define the solu-
tion accuracy. We set this parameter to 10−7. Additionally,
LMI strictness is enforced with a safe margin of ε = 10−6

(see (21)).

5.1. Base parameter feasibility test of a three-link
robot

We applied our BPFT and BPFC methods to the example
included in Yoshida and Khalil (2000). Yoshida and Khalil
introduced a base parameter combination β for a three-link
robot and presented two examples of base parameter vector
values, β̂ t1 and β̂ t2 (see Table 1).

They have shown that β̂ t1 is feasible and β̂ t2 is not. We
double-checked β̂ t1 and β̂ t2 with the BPFT method. For β̂ t1,
a δd solution is found, which implies physical feasibility.
In the case of β̂ t2 a certificate of infeasibility is issued by
the SDP solver. These results corroborate the Yoshida and
Khalil ones. Furthermore, we applied the BPFC method to
β̂ t2 for which the closest feasible parameter vector β ′

t2 is
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Table 1. Base parameter estimations of the three-link robot exam-
ple provided by Yoshida and Khalil (2000).

β(δ) β̂ t1 β̂t2 β ′
t2

L1yy + L2yy + L3yy + m3 6.4 6.2 6.200951
L2xx − L2yy − m3 −5.48 −5.48 −5.479049
L2xy 0.072 0.072 0.071966
L2xz − l3z −0.087 −0.087 −0.086967
L2yz 0.051 0.051 0.050999
L2zz + m3 5.6 5.6 5.600000
l2x + m3 6.5 6.5 6.500000
l2y −0.00075 −0.00075 −0.000750
L3xx − L3yy −0.72 −0.72 −0.719049
L3xy −0.0098 −0.0098 −0.009819
L3xz −0.0098 −0.0098 −0.009817
L3yz −0.00045 −0.00045 −0.000450
L3zz 0.72 0.72 0.720000
l3x 0.95 0.95 0.949999
l3y 0.015 0.015 0.014966

Table 2. Denavit–Hartenberg parameters of the seven-link WAM
arm.

Joint k αk ak dk θk

1 −π/2 0 0 q1
2 π/2 0 0 q2
3 −π/2 0.045 0.55 q3
4 π/2 −0.045 0 q4
5 −π/2 0 0.3 q5
6 π/2 0 0 q6
7 0 0 0.06 q7

found (see Table 1). The distance from β ′
t2 to β̂ t2, measured

in β space, is given by
√

u′ = 1.65×10−3. As expected, β ′
t2

passes the BPFT feasibility test. For this example no regres-
sion data is available, so the FBPE-OLS method could not
be tested.

5.2. Parameter identification of the seven-link
WAM arm

We performed experiments with a seven-link robot, the Bar-
rett WAMTM Arm, to test our LMI–SDP methods.2 The
WAM geometry is described by the Denavit–Hartenberg
parameters presented in Table 2.

For identification purposes we consider a dynamic model
including joint friction in the form of (27) and drive chain
inertia as presented in Dombre (2002). The dynamic model
is derived using the author’s SymPyBotics software (avail-
able at https://github.com/cdsousa/SymPyBotics), an open-
source Python package for symbolic robot dynamics, based
on SageRobotics (Sousa and Cortesão, 2012). With this
software, the base inertial parameter combination shown in
Table 3 is obtained, yielding 69 base parameters (β) out of
98 link parameters (δ).

To obtain dynamic model regression data, a periodic
identification trajectory is performed by the robot.

Table 3. Base parameters of the seven-link WAM arm.

β Corresponding linear combination

β1 L1yy + Ia1 + L2zz
β2 fv1
β3 fc1
β4 fo1
β5 L2xx − L2zz + L3zz − 1.1 l3y + 0.300475 ( m3 + m4 + m5 + m6 + m7)
β6 L2xy
β7 L2xz
β8 L2yy + Ia2 + L3zz − 1.1 l3y + 0.300475 ( m3 + m4 + m5 + m6 + m7)
β9 L2yz
β10 l2x
β11 l2z − l3y + 0.55 ( m3 + m4 + m5 + m6 + m7)
β12 fv2
β13 fc2
β14 fo2
β15 L3xx − L3zz + 0.002025 m3 + L4zz
β16 L3xy − 0.045 l3y
β17 L3xz
β18 L3yy − 0.002025 m3 + L4zz − 0.00405 ( m4 + m5 + m6 + m7)
β19 L3yz
β20 l3x + 0.045 ( m3 + m4 + m5 + m6 + m7)
β21 l3z + l4y
β22 Ia3
β23 fv3
β24 fc3
β25 fo3
β26 L4xx − L4zz + 0.002025 m4 + L5zz − 0.6 l5y + 0.092025 ( m5 + m6 + m7)
β27 L4xy + 0.045 l4y
β28 L4xz
β29 L4yy − 0.002025 m4 + L5zz − 0.6 l5y + 0.087975 ( m5 + m6 + m7)
β30 L4yz
β31 l4x − 0.045 ( m4 + m5 + m6 + m7)
β32 l4z − l5y + 0.3 ( m5 + m6 + m7)
β33 Ia4
β34 fv4
β35 fc4
β36 fo4
β37 L5xx − L5zz + L6zz
β38 L5xy
β39 L5xz
β40 L5yy + L6zz
β41 L5yz
β42 l5x
β43 l5z + l6y
β44 Ia5
β45 fv5
β46 fc5
β47 fo5
β48 L6xx − L6zz + L7yy + 0.12 l7z + 0.0036 m7
β49 L6xy
β50 L6xz
β51 L6yy + L7yy + 0.12 l7z + 0.0036 m7
β52 L6yz
β53 l6x
β54 l6z + l7z + 0.06 m7
β55 Ia6
β56 fv6
β57 fc6
β58 fo6
β59 L7xx − L7yy
β60 L7xy
β61 L7xz
β62 L7yz
β63 L7zz
β64 l7x
β65 l7y
β66 Ia7
β67 fv7
β68 fc7
β69 fo7

5.2.1. Computed torque control. Unlike common indus-
trial robots, the WAM robot is controlled directly in torque.
The motors are commanded in current by internal current
controllers which receive torque set points. The robot has
no torque sensors and does not provide access to motor cur-
rents. Thus, we assume good torque-to-current conversion
and good current tracking control. Torque command allows
nonlinear feedback linearization and computed torque con-
trol. The trajectory is performed through a proportional and
derivative (PD) position controller over the linearized robot
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Fig. 3. Proportional and derivative (PD) joint position control
scheme of the seven-link WAM arm with feedback linearization;
qr is the joint reference position.

Table 4. PD joint position control gains for the seven-link WAM
arm.

Joint k  Kp,k Kd,k

1 400.0 40.0
2 204.1 28.6
3 625.0 50.0
4 400.0 40.0
5 10, 000.0 200.0
6 10, 000.0 200.0
7 20, 408.2 285.7

plant, as shown in Figure 3. The commanded torque τ c is
computed by

τ c = ĝ(q) +ĉ(q, q̇) +M̂(q) α (76)

where ĝ(q), ĉ(q, q̇) and M̂(q) are estimations of g(q), c(q, q̇)
based on CAD dynamic parameters, and α is the desired
acceleration. For control purposes we do not consider fric-
tion or drive inertia. Neglecting dynamic model errors, the
plant for each joint k in free space is given by (see (1) and
(76))

q̈k = αk (77)

This is equivalent to a double integrator over which the PD
controller is designed. PD gains (Kp,k and Kd,k , respectively)
given in Table 4 are tuned for critically damped responses.

5.2.2. Trajectory generation and data processing. The
identification trajectory is generated and optimized using
the techniques proposed by Swevers et al. (1997). Each kth
joint trajectory is defined as a function of time t by

qr,k( t) =
L∑

l=1

ak,l

ωf l
sin( ωf l t) − bk,l

ωf l
cos( ωf l t) +qk,0 (78)

where, in our experiment,

ωf = 0.1π (79)

and
L = 5 (80)

entailing a period of 20 s. Trajectory parameters ak,l, bk,l

and qk,0 are set to the values shown in Table 5. The reference
joint positions for one whole period are shown in Figure 4.

Fig. 4. Identification trajectory for the seven-link WAM arm.
Joint position reference for the first period.

The robot performs the identification trajectory for
almost 1 min. At a sampling time of 1 ms, a total of
s = 57, 656 trajectory points (joint position and torque) are
recorded. Position data comes from encoder readings and
torque data comes from the computed torque τ c (see (76)).
Joint position signals are filtered with third-order low-pass
Butterworth filters with cutoff frequency 10ωf L/2π . This
process is done offline, therefore phase distortion is com-
pensated for. First- and second-order derivatives of the posi-
tion are computed through second-order central differences.
Applying the corresponding Hb matrix to the data, the
regression matrix W and the torque vector ω are obtained,
both with sN = 403, 592 rows. The regression matrix has a
condition number of 99, therefore it can be considered well
conditioned (Gautier and Khalil, 1992).

5.2.3. Classical base parameter estimation. Using the
identification trajectory data, W and ω, the classical OLS
solution β̂ given in Table 6 is obtained. CAD parameters
used in the controller β

CAD
are also shown in Table 6. The

vector of β̂ standard deviations is computed by the formula
(Khalil and Dombre, 2002)

σ̂
β̂

=
√

diag
(
σ̂ 2

ε (WTW)−1
)

(81)

where σ̂ 2
ε is the variance of the estimation error ε (see (59))

given by

σ̂ 2
ε = ‖ω − Wβ̂‖2

sN − nb (82)
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Table 5. Identification trajectory parameters for the seven-link WAM arm.

Joint k ak,1 ak,2 ak,3 ak,4 ak,5

1 0.05 −0.29 0.48 0.55 0.65
2 0.03 0.29 −0.23 0.32 0.82
3 −0.07 0.40 0.45 0.40 −0.03
4 0.14 −0.35 0.15 0.11 0.93
5 0.21 0.35 0.16 −0.02 0.03
6 −0.11 0.28 0.36 −0.06 0.33
7 −0.01 0.24 0.37 −0.45 0.75

k bk,1 bk,2 bk,3 bk,4 bk,5 qk,0

1 0.19 −0.40 −0.18 0.63 −0.46 −0.29
2 0.09 −0.08 0.05 −0.02 0.65 0.11
3 −0.49 0.32 −0.26 −0.63 0.06 −0.02
4 −0.14 0.06 −0.13 −0.14 −0.03 1.67
5 −0.51 0.14 0.37 −0.15 −0.17 −2.41
6 0.13 0.07 0.67 −0.15 −0.22 0.20
7 0.24 0.24 −0.22 −0.50 −0.52 0.58

The percentage of relative standard deviation of the β̂ kth
parameter, given by

%σ̂
β̂k

=
σ̂

β̂k

|β̂k|
· 100% (83)

is presented in Table 6.
The solution β̂ is tested with the BPFT method, set with

LMI conditions on both link inertia and drive parameters
(see (28)). The SDP solver issues an infeasibility certificate,
showing that β̂ is physically infeasible. For this solution, the
inertia matrix M(q) is not positive definite for some random
q values, which corroborates physical infeasibility. More-
over, in this particular case, the infeasibility can be directly
inferred since some drive inertia parameters are negative.

5.2.4. Feasible base parameter estimations. Since the β̂

solution is not feasible, its closest feasible vector, β ′, is
computed by the BPFC method. We also applied the FBPE-
OLS method to the same regression data obtaining the opti-
mal solution β�. Based on datasheet information, we added
extra constraints to the LMI on centers of mass and total
mass. Each center-of-mass constraint is of form (26) with
bounds given by the smallest cuboid containing link’s body
(see Table 7). The sum of link masses is constrained to a
maximum of 27 kg.

The solution β� does not pass the feasibility test (BPFT)
if these additional constraints are taken into account. There-
fore, we reapplied the FBPE-OLS method with the extra
constraints obtaining the β�e solution shown in Table 6. The
feasibility of each of these solutions is successfully double-
checked by analyzing eigenvalue positiveness of the respec-
tive LMI matrices. As expected, the inertia matrix evaluated
with these solutions at random q is always positive definite.

Regarding computing time performance, the SDP solver
running on a mid-end laptop proves to be very fast, taking

Fig. 5. Validation trajectory A for the seven-link WAM arm. Joint
position reference for the first period.

less than 2 s to find each solution. (For a simulated 20-
link robot, the SDP solver takes less than 15 s to obtain
the FBPE-OLS solution.)

5.2.5. Estimation assessment. To validate the estimated
parameters, three validation trajectories, named A, B and
C, are generated by the same techniques used for the identi-
fication trajectory, although with different initial conditions.
As a result, validation trajectories have the same harmonic
frequencies but with unrelated amplitudes (e.g. Figure 5
shows the joint reference for validation trajectory A). The
robot performs validation trajectories for about 1 min, and
the recorded data is processed in the same way as for the
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Table 6. Estimated base parameters of the seven-link WAM arm.

OLS FBPE-OLS

β
CAD

β̂ %σ̂
β̂

β�e

β1 Ia1 + 0.1328 0.3381 0.53 0.3049
fv1 — 1.63 0.28 1.648
fc1 — 1.601 0.26 1.605
fo1 — 0.01037 18 0.007658
β5 1.181 1.017 0.29 1.04

L2xy 1.347 · 10−5 −0.0505 3.2 −0.05561
L2xz 0.000117 −0.02539 4.8 −0.02304
β8 Ia2 + 1.189 1.451 0.23 1.446

L2yz −3.659 · 10−5 −0.03322 4.3 −0.038
l2x −0.009183 0.08154 1.7 0.08391
β11 2.333 2.358 0.027 2.36
fv2 — 2.372 0.21 2.364
fc2 — 0.533 0.71 0.5332
fo2 — 0.898 1.2 0.9296
β15 0.003856 −0.01168 20 0.0183

β16 −2.509 · 10−5 0.03663 2.9 0.02517

L3xz −5.098 · 10−6 0.002625 45 −0.00827
β18 −0.006954 −0.06614 2.2 0.001251

L3yz 5.295 · 10−6 −0.04278 2.5 −0.03598
β20 0.1476 0.1194 0.44 0.1255
β21 −0.000491 −0.002107 18 −0.0009105
Ia3 — 0.1139 1.3 0.06988
fv3 — 0.8554 0.52 0.8111
fc3 — 0.3454 1.1 0.3718
fo3 — −0.09566 2.1 −0.08749
β26 0.1149 0.165 0.9 0.1385

β27 −3.944 · 10−5 0.01292 5.4 0.009043

L4xz −8.193 · 10−5 −0.02431 2.4 −0.01386
β29 0.1057 0.1213 1.1 0.1239

L4yz 9.417 · 10−5 −0.01128 6.2 −0.005383
β31 −0.1235 −0.1057 0.35 −0.101
β32 0.501 0.5209 0.088 0.5174

Ia4 — −0.005825 27 1.009 · 10−6

fv4 — 0.6153 0.8 0.6005
fc4 — 0.6291 0.57 0.6417
fo4 — 0.05353 5.4 0.03402
β37 0.0005648 −0.008932 12 −0.01554

L5xy −2.564 · 10−7 0.005089 7.4 −0.002231

L5xz 1.882 · 10−9 0.0198 2.4 0.01646
β40 0.000653 0.006071 11 0.007886

L5yz 8.326 · 10−7 −0.0092 4.5 −0.002773

l5x 1.104 · 10−5 0.006003 4.9 0.006159
β43 −0.00658 −0.01351 2 −0.01388

Ia5 — −0.0009694 81 1.004 · 10−6

fv5 — 0.1457 3.3 0.1387
fc5 — 0.03597 7.7 0.03627
fo5 — 0.004681 43 0.001217
β48 0.0006155 0.003965 20 0.009329

L6xy −1.483 · 10−6 0.001507 22 −0.002418

L6xz 2.005 · 10−6 −0.01062 3.4 −0.003334
β51 0.0007576 0.01942 3 0.01731
L6yz 0.0002216 0.00495 7.2 0.004267

l6x −5.125 · 10−5 −0.007862 3.2 −0.006727
β54 0.01421 0.009031 2.4 0.009508

Ia6 — −0.008871 10 1.003 · 10−6

fv6 — 0.1437 3.2 0.1344
fc6 — 0.06428 4.7 0.07144
fo6 — −0.007354 26 −0.007547

β59 −3.286 · 10−7 −0.01584 3.2 −0.01357

L7xy 1.909 · 10−7 −0.002082 12 −0.0009831

L7xz −1.771 · 10−8 0.0002248 61 6.76 · 10−5

L7yz 3.623 · 10−8 0.0002694 52 0.0007734

L7zz 7.408 · 10−5 −0.0005387 29 0.0003626

l7x −5.474 · 10−6 0.00782 2.4 0.007006

l7y 1.12 · 10−5 −0.0003508 52 −0.0003549
Ia7 — 0.0009977 27 0.0001039
fv7 — 0.05763 5.6 0.05625
fc7 — 0.0118 27 0.01253
fo7 — −0.002192 84 −0.002699

identification trajectory. Regressor matrices for validation
trajectories A, B and C show good condition numbers of 94,
106 and 101, respectively. Torque prediction is computed

Table 7. Additional constraints: spatial limits of centers of mass
relative to link frames.

k rk,l rk,u

1 (−0.14, −0.174, −0.084) (0.14, 0.174, 0.346)
2 (−0.084, −0.174, −0.084) (0.084, 0.174, 0.17)
3 (−0.09, −0.55, −0.045) (0.04, 0.04, 0.045)
4 (−0.045, −0.045, −0.05) (0.095, 0.045, 0.83)
5 (−0.045, −0.02, −0.045) (0.045, 0.1, 0.045)
6 (−0.045, −0.06, −0.02) (0.045, 0.045, 0.06)
7 (−0.045, −0.045, −0.018) (0.045, 0.045, 0.001)

Table 8. Percentage of relative error (100% · ‖ω − Wβ‖/‖ω‖) of
predicted torque for identification and validation trajectories.

OLS BPFC FBPE-OLS

β̂ β ′ β� β�e

Identification 6.60 6.68 6.64 6.65
Validation A 7.16 7.14 7.01 6.98
Validation B 8.47 8.49 8.44 8.40
Validation C 6.81 6.79 6.76 6.74

for all four solutions (β̂, β ′, β� and β�e). Table 8 presents,
in percentages, the relative torque error given by

εr = ‖ω − Wβ‖
‖ω‖ (84)

for both identification and validation trajectories.
For the identification trajectory (first row of Table 8), all

four solutions present values of relative error below 7%,
indicating good parameter estimation. As expected, phys-
ically feasible constrained estimations show higher regres-
sion errors than the unconstrained one, β̂. Also as expected,
β� has less error than β ′, and β�e has a higher regression
error with respect to β�. Even so, differences between solu-
tions are small (< 0.1%). The relative prediction errors of
validation trajectories (bottom three rows of Table 8) are
below 8.5%, indicating good torque prediction as well. Fea-
sible estimations present slightly smaller errors with respect
to the classical OLS solution, showing good performance
outside the identification set. Figure 6 shows plots of mea-
sured torque, β�e predicted torque and respective error for
trajectory A.

It can be inferred that for the first four joints predicted
torque tracks the measured one well. For the last three
joints some degradation occurs due to smaller torque val-
ues, since inertial parameters are relatively small. Looking
at Table 6, we can also infer that for the last three joints
some β̂ parameters have big %σ̂

β̂
, probably indicating bad

estimations. This can suggest that a sequential or a weighted
least squares (WLS) approach can improve the identifica-
tion (Gautier, 1997), although it does not guarantee physical
feasibility. In this case, FBPE-OLS can be easily modified
to accommodate a WLS regression.
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Fig. 6. Validation trajectory A for the seven-link WAM arm. Measured torque vs predicted torque of the β�e solution.

6. Conclusion

In this paper we have presented a systematic approach
to address the physical feasibility of estimated robot base
inertial parameters. Feasibility conditions have been writ-
ten with LMIs, ready to be used in the SDP framework.
Moreover, feasible sets can be further restricted to cope
with additional constraints (e.g. spacial limits on the cen-
ter of mass and bounded masses) and extended to include
additional dynamic parameters (e.g. friction).

We have proposed three LMI–SDP-based methods
addressing the physical feasibility of base parameters. The
BPFT method tests if a given parameter estimation is phys-
ically feasible or not. The BPFC method computes the
closest physically feasible solution for a given (infeasible)
solution. Finally, the FBPE-OLS method performs optimal
estimation of base parameters (for a given data set) through
least squares regression constrained to feasible solutions.
These methods benefit from SDP advantages, noticeably the
efficient convergence to the global optimum. LMI–SDP is
well suited to dealing with the feasibility problem, since
it is a convex optimization technique which exploits posi-
tive semidefinite constraints. The FBPE-OLS method does
not require a feasibility cost function definition and deals
with base parameter space issues in a straightforward way.
The FBPE-OLS is pertinent when model approximation and
measurement errors entail infeasible solutions by classical
techniques. All three methods address the issue of physi-
cally consistent estimations for a given data set and for a

given robot dynamic model. Obviously, better robot mod-
els and better data sets entail better solutions. The pro-
posed methods have been assessed using three-link and
seven-link robot arms. Seven-link robot feasible estima-
tions have been successfully achieved within the LMI–SDP
framework, showing good performance for both identifica-
tion and validation trajectories. These methods have been
straightforwardly implemented with open-source software,
being computationally efficient.
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Notes

1. Applying Sylvester’s criterion to the block matrices of (16),
Lk � 0 and Lk mk1 − S(lk) TS(lk) � 0.

2. Experimental code and data developed for the seven-
link WAM robot are available online at https://github.
com/cdsousa/wam7_dyn_ident.
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